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Abstract. We prove that some subquotient categories of one- 
sided triangulated categories are abelian. This unifies a resuh by 
lyama-Yoshino in the case of triangulated categories and a result 
by Demonet-Liu in the case of exact categories. 



1. Introduction 

Cluster tilting theory gives a way to construct abelian categories 
from some triangulated categories. Let if be a hereditary algebra over 
a field k, and C be the cluster category defined in [1] as the factor 
category D*(modif)/r~^S, where r and E be the Auslander-Reiten 
translation and shift functor of D^{modH) respectively. For a clus- 
ter tilting object T in C, Buan, Marsh and Reiten [2] showed that 
C/addrT = mod Endc(T)°P. Keller and Reiten [3] generalized this re- 
sult in the case of 2-Calabi-Yau triangulated categories by showing that 
C/ET = modT, where T is a cluster tilting subcategory of C. A gen- 
eral framework for cluster tilting is set up by Koenig and Zhu. They [4] 
showed that any quotient of a triangulated category modulo a cluster 
titling subcategory carries an abelian structure . Let C be a triangu- 
lated category and be a rigid subcategory, i.e. Homc(A^, EA^) = 0. 
lyama and Yoshino [5] showed that Ai * EA^/EA^ = modAl. In par- 
ticular, if Al is a cluster tilting subcategory, then Al * EAl = C, thus 
the work generalized some former results in [2,3,4]. 

Recently, Cluster tilting theory is also permitted to construct abelian 
categories from some exact categories. Let B be an exact category with 
enough projectives and Al be a cluster tilting subcategory. Demonet 
and Liu [6] showed that B/M. = modAl, which generalized the work 
of Koenig and Zhu in the case of Frobenius categories. 

The main aim of this article is to unify the work of lyama- Yoshino 
and Demonet-Liu, and give a framework for construct abelian cate- 
gories from triangulated categories and exact categories. Our setting 
is one-sided triangulated category, which is a natural generalization 
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of triangulated category. Left and right triangulated categories were 
defined by Beligiannis and Marmaridsis in [7]. For details and more 
information on one-sided triangulated categories we refer to [7-9]. 

The paper is organized as follows. In Section 2, we review some basic 
material on module categories over /c-linear categories and quotient 
categories etc. In Section 3, we prove that some subquotient categories 
of right triangulated categories are module categories, which unifies 
the Proposition 6.2 in [4] and the Theorem 3.5 in [5]. In Section 4, we 
prove that some subquotient categories of left triangulated categories 
are module categories, which unifies the Proposition 6.2 in [4] and the 
Theorem 3.2 in [5]. And we will see that the case of right triangulated 
categories and the case of left triangulated categories are not dual. 

2. Preliminaries 

Throughout this paper, k denotes a field. When wc say that C is 
a category, we always assume that C is a Hom-finite KruU-Schmidt k- 
hnear category. For a subcategory M. of category C, we mean M. is 
an additive full subcategory of C which is closed under taking direct 
summands. Let f : X Y , g : Y Z he morphisms in C, we denote 
by gf the composition of / and g, and the morphism Homc;(M, /) : 
Homc(M, X) Homc(M, Y) for any M eC. 

Let C be a category and A* be a subcategory of C. A right X- 
approximation of C in C is a map f : X ^ C, with X in X, such that 
for all objects X' in X, the sequence Homc(X', X) ^Homc(X', C) ^ 
is exact. If for any object C E C, there exists a right A"- approximation 
f : X ^ C, then X is called a contravariantly finite subcategory of 
C. Dually we have the notions of left ^-approximation and covariantly 
finite subcategory. X is called functorially finite if X is contravariantly 
finite and covariantly finite. 

Let C be a category. A pseudokernel of a morphism v -.V ^ W in 
C is a morphism u : U V such that vu = Q and if u' : U' ^ V 
is a morphism such that vu' = 0, there exists f : U' ^ U such that 
u' — uf. Pseudocokernels are defined dually. 

Let C be a category. A C-module is a contravariant /c-linear functor 
F : C ^ Mod/c. Then C-modules form an abehan category ModC. 
By Yoneda's lemma, representable functors Homc(— , C) are projective 
objects in ModC We denote by mod C the subcategory of ModC con- 
sisting of finitely presented C-modules. One can easily check that modC 
is closed under cokernels and extensions in ModC. Moreover, modC is 
closed under kernels in ModC if and only if C has pseudokernels. In 
this case, modC forms an abclian category (see [10]). For example, if C 
is a contravariantly finite subcategory of a triangulated category, then 
mode forms an abelian category. 

Let C be an additive category and B he a. subcategory of C. For 
any two objects X,Y E C, denote by B{X, Y) the additive subgroup 
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of Homc(X, F) such that for any morphism / G B{X,Y), f factors 
through some object in B. We denote hy C/B the quotient category 
whose objects are objects of C and whose morphisms are elements of 
Romc{M,N)/B{M,N). The projection functor tt : C ^ is an 
additive functor satisfying n{B) = 0, and for any additive functor F : 
C ^ V satisfying F[B) = 0, there exists a unique additive functor 
G : C/B ^ T> such that F — Gn. We have the following two easy and 
useful facts. 

Lemma 2.1. Let F : C ^ T> he an additive functor. If F is full and 
dense, and there exists a subcategory B of C such that any morphism 
f : X ^ Y in C with F{f) = factors through some object in B, then 
F induces an equivalence C/B = V. 

Lemma 2.2. Let A be an additive category, B and C be two subcate- 
gories of A with C <Z B. Then there exists an equivalence of categories 



Proof. Let t^b '■ A ^ A/B and t^c '■ A ^ A/C he the projection 
functors. Note that C C i5, we have '^^{C) = 0, thus there exists a 
unique functor F : A/C — > A/B such that Fttc — ttb- Since ttb is full 
and dense, F is full and dense too. 

Let / : X — >■ y be a morphism in A such that F(7rc(/)) = 0, that 
is 7rB(/) = 0. Then / factors through some object in B, thus 7rc(/) 
factors through some object in B/C. According to Lemma 2.1, we have 
an equivalence of categories {A/C)/{B/C) ^ A/B. □ 

3. SUBQUOTIENT CATEGORIES OF RIGHT TRIANGULATED 

CATEGORIES 

Firstly, we recall some basics on right triangulated categories from 



Definition 3.1. A right triangulated category is a triple (C, E, >), or 

simply C, where: 

(a) C is an additive category. 

(b) E : C — > C is an additive functor, called the shift functor of C. 

(c) > is a class of sequences of three morphisms of the form U A 
V ^ W ^ T,U, called right triangles, and satisfying the following 
axioms: 



(RTRO) If ?7 A 1/ A A Sf/ is a right triangle, and U' 



{A/C)/{B/C) ^ A/B. 



[8]. 




E[/' is a sequence of morphisms such that there exists a 



U 



u 



V 



V 



w 



w 



f a h s/ 

U' V' W EC/', 
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where /, g, h are isomorphisms, then U' ^ V ^ W ^ Et/' is also a 
right triangle. 

(RTRl) For any U e C, the sequence O^U^U^Oisa right 
triangle. And for any morphism u : U V in C, there exists a right 
triangle U ^EU. 

(RTR2) If [/ A 1/ A ^ E[/ is a right triangle, then so is 



(RTR3) For any two right triangles U V W T.U and 

U' ^ V' ^ W Sf/', and any two morphisms f : U U', 
g : V ^ V such that gu = u'f, there exists h -.W —f W such that the 
following diagram is commutative 




(RTR4) For any two right triangles C/ A F A EC/ and 

U' ^ U ^ W -A EC/', there exists a commutative diagram 




j:v'-w 
EC/ EW, 

where the second row and the third column are right triangles. 

Example 3.2. A triangulated category C is a right triangulated cat- 
egory, where the shift functor E is an equivalence. In this case, right 
triangles in C are called triangles. 

Example 3.3. (cf.[7,ll]) Let B be an exact category which contains 
enough injcctivcs. The subcategory of injcctivcs is denoted by I. Then 
the quotient category B = B/I is a right triangulated category. For 
any morphism / G Hom^(X, F), we denote its image in Hom^(X, F) 
by /. Let us recall the definitions of the shift functor E and of the 
distinguished right triangles. For any X e B, there is a short exact 

sequence — )■ X ^ Ix Cx — > with Ix £ X. For any morphism 
/ : X — > y, we have the following commutative diagram with exact 



QUOTIENTS OF ONE-SIDED TRIANGULATED CATEGORIES 



rows 







dx ^ 
X ^ '^X 



Y 



ly^Cy 



0, 



where Ix,Iy ^ ^- Define = Cx and E/ = cj. We can show that 

the functor S is well defined. For any morphism f : X ^ Y, we have 
the following commutative diagram with exact rows 







Y 



dx ^ 
X ^ ^X 







0, 



where Z is the pushout of / and ix- Then X A F A Z A- EX, or 
equivalently X ^ Y ®Ix > Z A EX is a distinguished right 



( /. ). 



triangle. In this case, there is a short exact sequence — > X 

Y®lx ''^"'> Z — > 0. And we have the following commutative diagram 
of short exact sequences 



X 



f 

ix 



■Y^ 

(0,1) 



{9 -if) 







X 



ix 



Ix 



-h 

EX 



0. 



So a distinguished right triangle in B give rise to a short exact sequence 

in B. On the other hand, Let 0— t-xAfAZ— J-Obea short exact 
sequence in B, then we have the following commutative diagram with 
exact rows 











X 



X 



Y 



lY 



EX 







0, 



where ly £ 1, and X A y A Z — EX is a right triangle in S [11]. 
Thus, a short exact sequence in B give rise to a right triangle in B. 

The following lemma can be found in [7] . 

Lemma 3.4. Let C he a right triangulated category, and C/ A F A 
W — >■ EC/ he a right triangle. 

(a) V is a pseudocokernel of u, and w is a pseudocokernel of v. 
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(b) If E is fully faithful, then u is a pseudokernel of v, and v is a 
pseudokernel of w. 

Definition 3.5. Let C be a right triangulated category. A subcategory 
M oiC'is called a rigid subcategory if Homc(Al, — 0. 

Let be a rigid subcategory of C. Denote hy M. * EAl the sub- 
category of C consisting of all such X G C with right triangles Mq — >■ 

Ml X ^ SMo, where Mq, Mi G M. 

Now we can state the main theorem of this section. 

Theorem 3.6. Let C he a right triangulated category, and M. he a rigid 
suhcategory of C satisfying: 

(RCl) E is fully faithful when it is restricted to M.. 

(RC2) For any two objects Mq^M^ e M, if Mq U ^ X ^ 
EMq is a right triangle in C, then g is a right M- approximation of X. 

Then there exists an equivalence of categories A4 * EA4/EA4 = 
modAi. 

Before prove the theorem, we prove the lemma as follow. 
Lemma 3.7. Under the same assumption as in Theorem 3.6, for any 

right triangle Mq A Mi A X A- EMq where Mq, Mi G A4., there is an 
exact sequence in ModM. 

HomM{-,MQ) HomM{-,M,) Home{-,X)\M ^ 0. 

Thus, Homc{—,X)\M. e modM. 

Proof. Let Mo A Mi A X A EMq be a right triangle with Mq, Mi G 
M.. For any M G we claim that the following sequence is exact 

Homc(M, Mo) h Homc(M, Mi) -A Homc(M, X) 0. (★) 

In fact, by Lemma 3.4 (a), we have gf — 0, hence Im/* CKerg^*. For 
any t GKer(yf^,, we have the following commutative diagram of right 
triangles by (RTR3) 

M ^ ^ EM EM 



I 

I m' 

y 



St 



Ml X EMo — ^ EMi. 

Since E|;v( is full, there exists a morphism m : M ^ Mq such that m' = 
Tim, so Tt — T{fm). Since E|jv^ is faithful, t — fm — f^{m) Gim/*, 
then Im/^, DKer^f^. Hence Im/^=Ker(yf*. On the other hand, by (RC2), 
(7* is surjcctivc. So (★) is exact. Since M is arbitrary in M., there exists 

an exact sequence 

Hom^(-,Mo) "°""^"'^^) HomM(-,Mi) ^t!^^ }1o^{-,X)\m ^ 0. 

□ 
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Proof of Theorem 3.6. By Lemma 3.7, we have an additive functor 
F -.M* ModM, which is defined by F{X) = Romd-, X)\m- 

Firstly, we show that F is dense. 

For any object G e rnodA^, there exists an exact sequence 

Hom^(-, M') A Hom^(-, M") ^G^O 

with M',M" E M.. By Yoneda's Lemma, there exists a morphism 
f -.M' ^ M" such that Q;=Hom^(-, /). Then by (RTRl), there exists 

a right triangle M' A- M" Z \ EM'. By Lemma 3.7, there exists 
an exact sequence Hom;K(— ,^') — > Hom;K(— ,M") F{Z) 0, 
thus G=CokerQ; = F{Z). Hence F is dense. 
Secondly, we show that F is full. 

For any morphism /3 : F{X) — > F{Y) in mod because Hom_yv((— , Mi) 
is a projective object in modA^, we have the following commutative 
diagram with exact rows in ModA^ 

Romui-, Mo) "°'"^^"'^'> Hom^(-, Mi) ^ F(X) ^ 



70 



I 71 

Y 



Hom 



-, A^o) -^^-^ Hom^(-, iVi) F{Y) 0. 



By Yoneda's Lemma, for i = 0, 1, there exists a morphism rrii : Mi ^ 
Ni such that 7i=Hom_A4(— , rrij) and mi/i=/2mo. Hence by (RTR3) we 
have the following commutative diagram of right triangles 



Mo 



mo 



/2 



Ml 



91 



92 



X- 
I 

I s 

y 

Y- 



EMo 

Smo 



h2 



EN, 



0- 



Then by Lemma 3.7, we have the following commutative diagram with 
exact rows in ModAI 



Hom^(-,Mo) 



Honi ' 



■/i) 



HomA^(-,Mi) 



70 



71 



F{X) 



F{s) 







Hom^(-, No) Hom^(-, N,) ^ F{Y) ^ 0. 

So ^ = F(s). Hence F is fuU. 

At last, in order to show M. * EA4/EA1 = modA^, by Lemma 2.1 
we only need to prove that any morphism t : X Y in A4 * EA4 
satisfying F{t) = factors through some object in EA^. 

In fact, let Mq ^ Mi X EMq be a right triangle with 
Mo, Ml e M, then tgi = since F{t) = 0. Thus by Lemma 3.4(a), t 
factors through hi, so t factors through EMo G EA4. □ 

Applying Theorem 3.6, we can get the following two corollaries. 
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Corollary 3.8. ([4, Proposition 6.2]) Let C he a triangulated category 
with the shift functor E and M. he a rigid suhcategory ofC. Then there 
exists an equivalence of categories M. * = modM.. 

Proof. Since the shift functor E is an equivalence, we know that E|^ 

is fully faithful. Let Mq 4 Mi A X 4 EMq be a triangle in C, 
where Mq, Mi E M. Since M. is rigid, we know that 51 is a right M.- 
approximation of X by Lemma 3.4(b). Thus, condition (RCl) and 
(RC2) hold. □ 

Definition 3.9. Let B be an exact category and be a full subcat- 
egory of B. M. is called rigid if Ext]j(A^, A^) = 0. 

Corollary 3.10. ([6, Theorem 3.5]) Let B he an exact category which 
contains enough injectives, and M. be a rigid suhcategory of B contain- 
ing all injectives. Denote by I the subcategory of injectives, and by M. 
the quotient category M./I. Denote by M.r the subcategory of objects X 
in B such that there exist short exact sequences — )■ Mq — )■ Mi — > X — )■ 
0, where Mq, Mi G Ai. Denote hy SA^ the suhcategory of objects Y in 
B such that there exist short exact sequences 0— )-M— )■/— )-F^0, 
where M e M, I el. Then Mr/^M = modM. 

Proof. According to Theorem 3.6, we prove the corollary by several 
steps. 

(a) is a rigid subcategory of the right triangulated category B — 
B/I. _ _ 

Let S be the shift functor of B, then it is easy to sec that SA^ = SAf. 
We claim that Homg(A1, EA1) = 0. In fact, for any / G Homg(M, Y), 
where M G A4 and Y G EA4. There is a short exact sequence — > 

M' A / 4- F 0, where M' G A1, / G X. Since M is rigid in B, 
applying HomB(M, — ) to the short exact sequence, we have an exact 
sequence 

^ Hom(M, M') ^ Hom(M, I) ^ Hom(M, Y) 0. 

So d is a right A4-approximation of Y. Thus, / factors through 7, 
hence / = 0. 

(b) Af^ = Af *EAf. 

It follows from Example 3.3. 

(c) Mr/em ^ M^/TM. _ 

It follows from Lemma 2.2 since X C EAl d Mr and EAl = EAl. 

(d) is fully faithful. 

For any M',M" G M, there exist two short exact sequences — )■ 

M' ^ Im' ^ EM' ^ and ^ M" ^ Im" ^ EM" ^ 0, 
where Im',Im" G I, and du'idM" are right A4-approximations. 

For any morphism a : EM' — > EM" in B, since dM" is a right M- 
approximation and Im' G X C A4 , we have the following commutative 
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diagram with exact rows in B 







I 

I m 



EM' 



M" 



EM" 



0. 



Hence we have a = Tifn by the definition of E, thus E|_a4 is full. 

For any morphism f : M' ^ M" in B, Since Im' is an injective object, 
we have the following commutative diagram of short exact sequences 







M'- 
f 







EM' - 
EM" - 







0. 



Suppose E/ = 0. then E/ factors through some object in X. Because 
d-M" is right A^-approximation, E/ factors through Im", i-e. there 
exists a morphism a : EM' — )■ Im" such that Ef = dM"Ci- Then 
dM"{if — adu') = dM"if — {Ef)dM' = 0, thus there exists a morphism 
b : Im' — > M" such that iM"b — if — adu'-i so iw'if — biM') — iwf 
■ + aduiiw = 0. Since im" is a monomorphism, / ~ hiu'i thus / 
factors through Im'- Hence / = and E|;vi is faithful. 

(e) Let M' A M" A X 4 EM' be a right triangle in B with 
M', M" e A^, then ^ is a right A^-approximation of X. 

According to Example 3.3 and X C A^, we can assume that there is a 

short exact sequence — )■ M' — )■ M" A X — )■ 0. Since M. is rigid, there 
exists an epimorphism HomB(M, g) : Home(M, M") — )-HomB(M, X) 
for any M in A1. Thus we have an epimorphism Homg(M, g) : Homg(M, 
M") Homg(M, X), i.e. is a right A4-approximation of X. □ 

4. SUBQUOTIENT CATEGORIES OF LEFT TRIANGULATED 

CATEGORIES 

The definition of left triangulated category is dual to right trian- 
gulated category. For convenience, we recall the definition and some 

facts. 

Definition 4.1. ([7]) A left triangulated category is a triple (C, <), 
or simply C, where: 

(a) C is an additive category. 

(b) Q : C — > C is an additive functor, called the shift functor of C. 

(c) < is a class of sequences of three morphisms of the form QZ 
X ^ Y ^ Z , called left triangles, and satisfying the following axioms: 

(LTRO) If A X A y A Z is a left triangle, and QZ' ^ 
X' ^ Y' ^ Z' is a sequence of morphisms such that there exists a 
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commutative diagram in C 

nz - 



X 



Y 





f 


9 




' . v' ^ 





nz' 



X' 



Y' 



where f,g,h are isomorphisms, then flZ' ^ X' ^ Y' ^ Z' is also a 
left triangle. 

(LTRl) For any X e C, the sequence ^ X ^ X ^ is a left 
triangle. And for every morphism z : Y ^ Z in C, there exists a left 
triangle nZ ^ X ^Y ^ Z. 

(LTR2) If A X 4 y A Z is a left triangle, then so is QY 

nz ^x ^Y. 

(LTR3) For any two left triangles flZ ^ X ^ Y ^ Z and QZ' ^ 

y' z' 

X' — > Y' Z' , and any two morphisms g :Y ^ Y' , h : Z ^ Z' such 
that hz = z'g, there exists f : X ^ X' making the following diagram 
commutative 



QZ 



nz' 




(LTR4) For any two left triangles QZ ^ X ^ Y ^ Z and QZ' ^ 



y z 

X' ^ Z ^ Z', there exists a commutative diagram 




nz' 



QZ' 



where the third row and the second column are left triangles. 
Example 4.2. A triangulated category is a left triangulated category. 

Example 4.3. Let B be an exact category with enough projectives. 

Denote by V the subcategory of B consisting of projectives. Then the 
quotient category B = B/V is,& left triangulated category. 



By (LTRO) and (LTR2), we have the following easy lemma. 
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Lemma 4.4. Let Q.Z ^X-^Y^Zbea left triangle, then so is 

Lemma 4.5. (of. [8]) Let C be a left triangulated category. Then for 
any left triangle VlZ X Y ^ Z and any object U of C, there 
exists an exact sequence 

>HomciU,nZ) ^Homc{U,X) ^ Homc{U,Y) ^Homc{U,Z). 

Definition 4.6. Let C be a left triangulated category. A subcategory 
M oiC is called a rigid subcategory if Romd^lM., M.) = 0. 

Let be a rigid subcategory of C. Denote by flA4 * M. the sub- 
category of objects X in C such that there exist left triangles JlMi — )■ 
X ^ Mo ^ Ml, where Mo, Mi e M. Now we consider the functor 
H : nM Mod M defined by H{X) = Homc(Jl(-), 

Lemma 4.7. Let (C, Q, <) be a left triangulated category and M. be 
a rigid subcategory of C. If Q\m is fully faithful, then for any left 

triangle QMi A X A Mq A Mi where Mo, Mi e M., there is an exact 
sequence in ModM. 

HomMi-, Mq) "^""^^"'^^ Homui-, Mi) ^ H{X) ^ 0. 
Thus, H{X) e modM. 

Proof. For any X e VlM *M., there exists a left triangle QMi -U X 

Mo A Ml, where Mq, Mi G M. Then ^Mq ^ VtMi A X ^ Mq is 
a left triangle by Lemma 4.4. Thus there exists an exact sequence by 
Lemma 4.5 

Homc(OM,OMo) Homc(OM,OMi) h 

Homc(QM, X) Homc(QM, Mq) = 0. 

Since is fully faithful, we have the following commutative diagram 
with exact rows 

Homc(M, Mq) — Homc(M, Mi) ^ Homc(l)M, X) ^ 

' ' ' ' 

Homc(JlM, QMo) ^—^ Homc(JlM, QMi) ^ Homc(JlM, X) ^ 0, 

where M & M. and the vertical morphisms are isomorphisms. Thus we 
have an exact sequence in ModC 

Hom^(-,Mo) "°'"^'"'''^) HomA^(-,Mi) ^ H{X) ^ 0. 
So H{X) e modA4. □ 
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Theorem 4.8. Let C be a left triangulated category, and M. he a rigid 
subcategory of C satisfying: 

(LCI) Q is fully faithful when it is restricted to M.. 

(LC2) Let QMi ^ X ^ Mo ^ Mi be a left triangle, where 
Mq, Ml e M. LetY e ilM * M and a morphism t : X Y such that 
tf = 0, then t factors through g. 

Then there exists an equivalence of categories ft A4*M. / Ai = modM.. 

Proof. According to Lemma 4.7, we have a functor H : QM. * A4 — > 
mod Ai. 

Firstly, we show that H is dense. 

For any object G e mod M., there exists an exact sequence 



Hom^(-, M') ^ Hom^(-, M") ^G^O 



with M',M" G Ai. By Yoncda's Lemma, there exists a morphism 
h : M' ^ M" such that a=Hom^(-, /i). Then by (LTRl), there 

exists a left triangle VtM" U Z M' ^ M". Hence by Lemma 4.7, 
there exists an exact sequence 



HomA^(-,M') ^ HomA^(-,M") ^ H{Z) 0, 



so G^Cokera = H{Z). Hence H is dense. 
Secondly, we show that H is full. 

For any morphism /3 : H{X) — > H(Y) in modA^. By Lemma 4.7 
and because Hom_A4(— , Mi) is a projective object of modA^, we have 
the following commutative diagram with exact rows in ModAl 



Hom^,(-, Mo) """"^^ '"""l Hom^,(-, Mi) H{X) 



70 



71 



/3 



^ Horn A4(— ,/i2) , , , , 

Hom^(-, No) — ^ HomA^(-, Ni) ^ H{Y) 0. 



By Yoneda's Lemma, for i = 0, 1, there exists a morphism mi : Mj — )■ 
Ni such that 7i=Hom^(— , m^) and mihi=h2mQ. Hence by (LTR3), 
we have the following commutative diagram of left triangles 



QMi 



flNi 



X- 

I 

I s 
Y 

Y- 



-^Mo^ 



Ml 



mo 



mi 



92 



h2 



Ni. 
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According to the proof of Lemma 4.7, for any object M e A^, we have 
the following commutative diagram with exact columns. 



Homc(M, Afo) 



^2. 



Homc(M, ATi) 



Homc(nM, Y) 



Home (M,Mo) 



-fenr- 



Home (M, Ml) 



Homc(nM,X) 



(Qmo)* 



Homc(r2M,QiVo) 



{Cih2,)w 



(Qmi)* 



Homc(nM,f2Ari) 



Homc(nM,y) 



Homc(nM, nMo) 



Homc(nM, nMi) 



Homc(f2M,X) 



Thus we have the following commutative diagram with exact rows in 
Mod M 

HoniM(-, Mo) ^ ^ HomA<(-, Mi) ^ H{X) ^ 



Hom^( — ,/(2) 

HomA^(-,7Vo) ^Hom^(-, A^i) 



/f(y) — ^ 0. 



So /3 = H{s). Hence H is full. 

At last, let X,Y be objects of QM. * M.. We have a left triangle 

QMi 4 X A Mo A Ml, where Mq, Mi e Let i : X ^ F be a 
morphism with H{f?j = 0, then tf = 0. Thus t factors through Mq by 
(LC2). So f^A4 * A^/A4 ^ modAI by Lemma 2.2. □ 

Since a triangulated category is a left triangulated category such that 
the shift functor is an equivalence, the conditions (LCI) and (LC2) 
holds automatically. Thus we have the following corollary. 

Corollary 4.9. Let C be a triangulated category with the shift functor 
T and M be a rigid subcategory ofC, then T~^M * M/M = modM. 

Corollary 4.10. ([5], Theorem 3.2) Let B be an exact category which 

contains enough projectives, and JH be a rigid subcategory of B con- 
taining all projectives. Denote by V the subcategory of projectives, 
and by Al the quotient category M./V. Denote by Ml the subcat- 
egory of objects X in B such that there exist short exact sequences 
^ X ^ Mo ^ Ml ^ 0, where Mo,Mi e M. Then Ml/M = 
modM. 
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Proof. Similar to the proof of Corollary 3.10, we can prove that Ai 
is a rigid subcategory of the left triangulated category B, and Ml — 
flM * M, and Ml/M = Ml/M, and is fully faithful. Tbend 
the proof, we only need to show that M satisfies the condition (LC2). 

In fact, let QM" ^ X ^ M' ^ M" he & left triangle in B, where 

M', M" e M. Since V C M, we can assume that ^ X ^ M' % 
M" — )■ is a short exact sequence. Let t : X — )■ y be a morphism 
satisfying tfi = 0, where Y G Ml- Then there exists a short exact 

sequence ^ Y ^ N' % N" ^ 0, where N', N" e M. Since M is 
rigid, it is easy to see that gi is a left Al-approximation, then we have 
the following commutative diagram with exact rows in B 







^ X M' — M" 



Y 



mi 



92 



N' 







m2 



h2 



N" 



0. 



/2 ,^92 



h2 



The lower exact sequence induces a left triangle QN" ^ Y ^ N' 
N". We claim that tfi — f2^i^2- In fact, we have the following diagram 
with exact rows in B 











^QM" 




>■ X 







tr 






■N" ■ 



M" ^ 




M" »»s 



df. 


n 




H*2- 





-^0 



N" ^ 



where Pm", -Pat" £ 'P, and all squares are commutative except the left 
one and the middle one. Since h2{miPM—pNP) = m2dM" — ^2(^1^" = 0, 
there exists a morphism q : Pm" Y such that g2q = rriiPM — PnP- 
Then g2{tfi- f 2^1112 -qiu") = {miPM-PNPYu" -{miPM-PNP)iM» = 
0. Since g2 is a monomorphism, we get tfi — f2^m2 — qiw- Thus 
tfi = /2^^2- Hence we have the following commutative diagram of 
left triangles in B 



nM" 

Qm2 



QN" 



X 



ai 



M' 



Y 



N' 



M" 





t 




mi 




m2 


f 

11 


• 


• 


92 




h2 } 



N". 
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By Lemma 4.4, we have the following commutative diagram of left 
triangles in B 



QM' QM" 



h 



Q,m2 



QN' 



QN" 



/2 



X 



Y 



-91 



M' 



mi 



-92 



N'. 



Since f2^'rn2 = tfi = 0, there exists a morphism n' : QM" — >■ QN' 
such that 0,1712 — {Oh^j'ni- Because 0\m is fully faithful, there exists a 
morphism rii : M" — > A^' such that r?/ = Vtrii and m2 = /i2^^i- Hence 
m2 — /i2^i factors through P eV. Since /i2 is a epimorphism, we have 
the following commutative diagram in B: 




m2—h2ni 



Let n — ca + rii. Then m2 — h2ni + ba — h2n\ + h2ca — h2n and 
n — rii. Since /i2("^i — nhi) — h2mi — m2hi = 0, there exists a 
morphism s : M' — )■ Y such that g2S = mi — nhi. Hence g2{t — sgi) = 
g2t — ruigi + nhigi = 0. Because g2 is a monomorphism, t = sgi, i.e. t 
factors through gi. Hence t factors through gi in B. □ 
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